3aga4vya 8 — rapMoHMYHaA NocnenoBaTeNIbHOCTb



[ycTb X M Yy — ABA NepBbIX Y1eHa NocaeA0BaTeIbHOCTH
Toraa nocnenoBaTeNbHOCTb UMEET BUA;:

X, ¥, (y_X)I =X, Y, (X_y)l X, Yy oo
OnvHa umkna =6

HY>KHO MUHUMKU3NPOBATb GYHKLUIO
|x=by| + |y =b,y| + |[(y=x)=bs| + |[-x=by| + |-y —bs| + [(x—y) —bg| +...

HemHoro npeobpasyem:

[X=by| + |y =0,y + [{y=x) = b3| + |x=(=by)| + |y = (=b5)| + [(y — x) = (~bg)|
+ ...

Tenepb Bce caraemble MOXHO Pa3buTb Ha TPW rpynmnbl:
1. Bupga |x—a|

2. Bupa |y—Db]

3. Bupga |(y—x)—c]

Co3paaum Tpu oTAeNbHbIX MaccuBa bx, by n byx ana xpaHeHua 3HayeHUN
BbIYMTAEMbIX 3/1IEMEHTOB B 3TUX rPYnnax, U1 OTCOPTUPYEM UX MO
BO3pacCTaHUIO



3aMeTM, YTO PYHKLMA ABNAETCA BbINYKJAOW BHM3 M NO X, U NO Y, TO €CTb
nmeeTt ogUH MUHUMYM

3TO MOYKHO YBUAETb, HANPUMEP, N3 TAKUX COODPaXKEeHUN.

3adunKcmpyem KoOHKpeTHoe X. Toraa cymma no nepBou rpynne npeBpaTuUTCa
B KOHCTAHTY, @ BTOpas U TPETbA rpynnbl COEANHATCA B O4HY CO CAaraembiMu
Buaa |y - b|. OTcoptnpyem nx no sBospacrtaHuto b:

ly—bl| + |y—b2| +|y—b2]| +..., roe bl <= b2 <=b3 ....

KaK uameHUTCA 3HaYeHmne pyHKUUM npm yBenmyeHmn y Ha 1? lNpeacrasum
4YMC/IOBYHO OCb, Ha HEW OTMeYeHbl TOYKK bl, b2,... U TOYKa Yy, KOTOpas
nepemectnaacb Ha 1 Bnpaso. [1pn 3TOM K pacCTOAHMIO A0 BCEX TOYEK CNeBA
(bi <=y) pobaButCca egnHULA, ANA Bcex TodeK cnpasa (by > y) — BbiuTeTCA
eanHuLa:

delta = nLeft — nRight.

[Mpun ABUKEHUU Yy cneBa HanpaBo cHa4vana nlLeft < nRight, Ho ¢ HeKkoToporo
MOMeHTa cTaHeT nlLeft > nRight. To ectb dpyHKUMA cHayana ybbiBaeT, NOTOM
BO3pacTaeT.

Onay paccyxaeHua 6yayt aHaNOrNYHbI.



Torpa BapuaHT peweHns 1: ncnonb3yem Kakon-HMbyab YNCNEHHbIN METOA
onTumusaummn. Hanpmnmep:

- ABYMEPHbIN TPOUYHbIN MOUCK

- MEeTOoA, rpagnNeHTHOro CnyckKa

- nap.

Takoe peweHne cnocobHo HabpaTb 100 6bannos.

Pa3bepém pelieHne ¢ NoOMOLLbIO ABYMEPHOIO TPOUYHOIO NOUCKA.



BHayane paccmoTpum oAHOMEPHbIN TPOUYHbIM NOUCK

Myctb dyHKUMA f Ha oTpe3ke [l, r] umeeT 0oANH MUHMMYM, U HYXKHO €ro HanuTu

- -
o - - -

—

[MocumTtaem 3HaveHus pyHKUmMM B Toukaxa=1+(r=1)/3,b=r—(r—1)/3
Ecnu f(a) < f(b), To xmin € [l, b], uHaue xmin € [a, r].
N3meHAem rpaHuLbl MOMCKa U Aafblue NOBTOPAEM aHANOMMUYHO.

[1ByMepHbIN TPOUYHbIN NOUCK - NPOCTO ABa B/IOXKEHHbIX OAHOMEPHbIX.
3HayeHue X NWET BHELUHUIM TPOUYHbIN MOUCK. MNpKn Karkaom GUKCUPOBAHHOM
X 3a/,a4a NpeBpaLaETCA B OAHOMEPHYIO, U 3HAYEHUE Y ULLET BHYTPEHHUMN
TPOWUYHbIN MOWUCK.



Kak 6bicTpo BbluMcnAaTb GpyHKUMIO f B TOUKe (X, y)?

MOX¥HO BOCNO/1b30BaTbCA NPEPUKCHBIMU N CYPPUKCHBIMM CYMMaMMN.
MaccuB npedUKCHbIX CYMM A1 HEKOTOPOro MacCmUBa V YCTPOEH TaK:
pref[i] = v[0] + v[1] + ... + V[i]

Ero HecnoXHO NOCTPOUTb 3a JIMHENHOE BPEMS.

AHanornyHo, maccms cydduKkcHbix cymm: sufli] = v[i] + v[i + 1] +... + v[n]

[MocTponm cneayrouime MmacCuBbi:

prefx un sufx — ana maccusa bx (rpynna cnaraembix Buga |x—a;)

prefy n sufy — ona maccmsa by (rpynna cnaraembix Buga |y —b,)

prefyx n sufyx — gna maccmsa byx (rpynna cnaraembix Buga |(y —x) —c, |

YT0ObI HAUTK CyMMY MO NepBOn rpynne, nwem 6MHapHbIM NOMCKOM B bx
TaKY0 NO3MLMUIO POS, YTO C/IEBA BCEM 3/IEMEHTbI < X, CNpaBa - >= X.

Cymma = x * pos - prefx[pos - 1] + sufx[pos] - x * (bx.size() - pos);
YacTHble caly4aun: BCe 3/1IeMEHTbI MeHbLLUE X, BCce BobLue X.
Mo ocTanbHbIM ABYM rpynnam — aHan0rMM4HoO.

lMpumeyaHue: MOXHO 060lUmucb MosbKo rNPe@dUKCHbIMU CYMMAMU, MAK KaK
CYyUKCHbIE Yepe3 HUX 8bIPAHAOMCA



Bonpoc: Kakme bpaTb Havya/ibHble FPaHULbl OTPe3Ka?
[octaTto4yHo oT -2*1079 go 2*1079 (o6bocHOBaHMe byaeT panee).

// TPOMUHEI [IOMCK IIO IEePBOMY M3MEPEHUIO
long long xLeft = -2E9, xRight = 2E9;
while (XRight > xLeft + 3) {

long long d = (XRight - xLeft) / 3;
long long ml1l = xLeft + d;
long long m2 XRight - d;
it (f(ml) >= £(m2))
xLeft = ml;
else
XRight = m2;

}

long long fMiIn = f(XLeft);

for (long long x=xLeft + 1; x<=xRight; Xx++)
MIn = std::min(fMiIn, f(X));



// TPOMUHEI [MOMCK IO BTOPOMY M3MEPEHUIO
long long f(long long x) {
long long yLeft = -2E9, yRight = 2E9;
while (yRight >= ylLeft + 3) {
long long d = (yRight - yLeft) / 3;
long long ml = ylLeft + d;
long long m2 = yRight - d;
iIT (g(x, ml) >= g(x, m2))
yLeft = ml;
else
yRight = m2;
by
long long gMin = g(x, yLeft);
for (long long vy = yLeft + 1; y <= yRight; y++)
gMin = std::min(gMin, g(X, Y));
return gMin;



[pyrue metoabl peleHunsa

YrBepaeHue. CyuwecTtsyeT napa (X, y), KOTopas MUHUMUIUPYET CYMMY
MoZyNeNn, Takas, YTO KaK MUHUMYM B AIBYX U3 TPEeX rpynmn 3Ha4eHuA XoTs Obl
OAHOrO MOAYNA PaBHbI HYIO.

Jloka3aTtenbcTBO. BHavyane goKaxkem, 4to XoTa 6bl ognH moaynb paseH 0.
[TyCcTb MMHMMYM JOCTUTaeTCcs B TOYKE (X, Y), U HM ognH moaynb He paseH 0.
YBenmuum x Ha 1. 3To nomeHaeT cymmy rpynnol 1 Ha nLeftl - nRightl, cymmy
rpynnbl 3 —Ha nRight3 - nLeft3. Obuwee nameHeHune:

nLeftl + nRight3 - nRightl - nLeft3
Ecnn e yMeHbLNTb X Ha 1, TO NoNy4YMM NPOTMBOMONOKHOE N3MEHEHME:!
-(nLeftl + nRight3 - nRight1 - nLeft3)

OTctoaa cneayeT, YTO Mbl MOXKEM YMEHbLUUTL 3HaYeHne GYHKUMKM, M TOYKa (X,
y) He BNSiAaCb TOYKON MUHUMYMA.

BbinonHAs Taknue AeNcTBUA, HA KAKOM-TO LWAre Mbl NOJIYYMM HYNEBOW MOAYNb
nmbo B nepBoi, NMBO B TPETbEN rpynne.



Tenepb JOKa*Kem NCXOAHOE YTBEPKAEHUE - YTO Hy/1IeBble Moaynn byayT
MUHMMYM B ABYX rpynnax.

MycTb (X, y) - napa, Ha KOTOPOW AOCTUTAETCA MUHUMYM, N POBHO OAUH
moaynb obpatmnaca B Honb. ECTb ABa BapMaHTa:

1). B HONb 06paTUACa moayab U3 NEPBOM rpynnbl (419 BTOPOW rpynnbl
PacCyXAeHMNA aHaN0ornUYHbI).

2). B Honb 0bpaTtmnca moaynb n3 TpeTbeN rpynmnbl

B nepBoMm c/ayyae npocTo NOBTOPAEM AENCTBUA C NpeablayLLero cnamaa.

Bo BTopom cnyyae npobyem meHATb OAHOBPEMEHHO X U Y TaK, YTobbI (y-x) He
NnomeHANM0Cb. ECTb ABa

BapuaHTa:

x=x+1, y=y+1; nam x=x-1, y=y-1;

OAWNH U3 3TUX BAPUAHTOB YMEHbLUUT 3HaYeHMe GYHKLUMU, TO eCcTb ToUKa (X, V)
C OAHMM HYNEeBbIM MOAY/ier He Bblna TOYKOU MUHUMYMA. CneaoBaTesibHO,
OOIXKHO ObITb HyN1IE€BbIE MOAYIM MUHUMYM B ABYX FpPyrnnax.



OTCI'OLI,a NOoNAYy4YaloTCA TaKMNe YaCTU4HblE pelleHUnA:

PeweHune 3a O(n3): 3admnKcnpyem ase 13 Tpex rpynn, nepebepem, Kakue
MMEHHO MOAYNM PaBHbl HYAIO, MOAYYMB TEM CAMbIM X U 'Y, BOCCTAHOBUM
nocneaoBaTe/IbHOCTb, OOHOBUM OTBET.

PeweHune 3a O(n?log(n)): 3admKcmpyem ase 13 Tpex rpynn, nepebepem,
KaKne UMeHHO MOAYNMN PaBHbI HYALO, , NOJIy4MB TEM CaMbIM X U Y,
cocymTaem 3HavyeHne GyHKUUN C NOMOLLbIO NPedUKCHBIX U CYOPUKCHbIX
Cymm, 06HOBUM OTBET.



YrBepxaeHue. [NycTb BCe YMCna B MICXOAHOU NOCNe[0BaTe/IbHOCTU NO
moaynto He npesocxogAaT A. CyulecTsyeT NpaBuabHbIN OTBET, B KOTOPOM
OAHO U3 YMUCe/T X N Y He MPeBOCXoaAMT N0 moay/to A, a apyroe - 2A.

[lOKa3aTenbCTBO.

CywiectsyeT moaynb Buaa |x—a,| nam |y —b,|, kotopbiin pasen Hynto, 13
KOTOPOro MOXHO MOAY4YnTb 3HaYeHUe O4HOM U3 nepemeHHbIX. OHO Mo
MOAYNI0 He npeBocxoauT A.

3HayeHue BTOPOMN NepemMeHHOM MOXKHO onpeaenTb U3 ypaBHEHUA
Buaal(y —x) —c;| =0 — oHo He moeT bbITb N0 Moaynto bonbuie 2A.



Mop3apayva 1: goctaTovHO nepebpatb 3HAYEHUA X U Y B npeaenax ot —20
no 20.

Mop3apaya 2: nepebpaTb 3Ha4YeHUA X n y B npegenax ot —200 ao 200.

Moa3agayva 3: MOXKHO NepebpaTb 3HAYEHUA X U NMOJIYYUTb BblParKEHUE B
Buage |ly—vyl| + |y-yl| + ..., KoTopoe HeE0H6X0ANMO MUHUMU3NPOBATD.
[anee nepebpaTb moaynb, KOTOPbIN ByaeT paBeH HYAO U, NCNOJb3YS
npedunKcHble  cyOOUKCHbIE CYMMBbI, NMOCYNTATb 3HAYEHUE BbiPaAXKEHUA.

Mop3anaya 4: MoXKHO nepebpatb, KakMe ABa MOAY/A PABHbI HYNO U C
NOMOLbIO NPEPUKCHBIX U CYPPUKCHBIX CYMM NOCHUTATb OTBET.



PeweHne noa3agavum 5

YrBepxaeHue. Ecnn ana HEKOTOPOro X HaAeHO MUHUMA/IbHOE 3HaYeHue
y, KOTOpOe ABAAETCA ONTUMa/IbHbIM, TO ANs1 60NbLIEro X oNTMMasibHoOe
3HayeHne y He MOKeT bbITb MeHblle HalJeHHOoTO.

HabpocokK aokasartenbcrBa. OnTMmasibHOe 3HayYeHue y ans
GUKCUPOBAHHOTIO X HE 3aBUCUT OT NepBOM rPynnbl (€€ cymma - KOHCTAHTA),
a MWb OT BTOPOU U TPETbEMN.

[ycTb HAMAEHO ONTUMANbHOE Y AJ11 HEKOTOPOTrOo X. YBEAUYUM X Ha 1.
BTopas rpynna He n3ameHwuiacb, TO €CTb ONTUMANLHOE Y MOXKET
N3MEHUTBLCA TOJIbKO N3-3a USMEHEHUNA TPETbEN TPYNMblI.

B TpeTben rpynne Bce Yncaa yBeamunancb Ha 1. 3To morsio Bbi3BaTb KaK
yBennyeHne GyHKUUN, TaK N e€ YMeHbLUEeHMe.

Ecnn dyHKUMA yBEANYMAACH, TO, BO3MOXHO, Y TOXE CTOUT YBE/IMYUTb A/1A
KomMneHcaumnm (HO 3TO 3aBUCUT eLLE OT BTOPOM rpynnbi).

Ecnn dyHKUMA yMeHbLIMAACL, TO BOMNPOC — a NoYemy AndA npeablayLero X
ONTUMaJIbHOE Yy HeNb34 6b1/10 ewé ymeHblnTb? OTBET: MOTOMY YTO
YMeHbLLUATb Y Mellana BTopaa rpynna. Ho oHa Ham n cenyac mewaer,
NO3TOMY Y OCTa/IOCb ONTUMaA/IbHbIM.



[lonHOe peweHue:

Mepebepem aBe rpynnbl U3 TPEX, B KOTOPbIX OyayT MoAy/1. PpaBHble
Hynto. MNepebepem, Kako U3 moayner nepsoi rpynnbl PaBeH HYIO.
Byaem noaaeprKuBaTtb YKasaTenb Ha MOAY/1b U3 BTOPOM rpynnbl, Npu
OOHYNEeHWM KOTOPOTOo NMolyYaeTca ONTMMasIbHbIA OTBET.

Mpu nepexoae K cneayoemy Moayato nepBon rpynnbl ABUraemcs rno
MOAY/IAM BTOPOWM rpynnbl 4O TeX Nop, NOKa c/eayoWwmn moaynb AaeTt

OTBET Nyulle, YeM TEKYLLMNA.

[nsa 6bICTPOro Bbl4McNEHMNA GYHKLUUN NCNOAb3yeEM NPedPUKCHbIE U
cyddDUKCHbIE CYMMBI.

CnoxkHoctb - O(n log n).
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